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Abst rac t - -A  sufficient condition is obtained to guarantee the global asymptotic stability of the 
following nonlinear recursive difference equation: 
x.x~_l + x~-2 + a 
Xn+I ~- b 5 ' 
3~n__ I -~ XnXn_ 2 -~- a 
n =0,1 ,2 , . . . ,  
where a,b E [0, c~) and the initial values x-2 ,x - l , xo  E (0, co). Some known results are included 
and improved. © 2004 Elsevier Ltd. All rights reserved. 
Keywords - -Recurs ive  difference equation, Global asymptotic stability, Semicycle. 
1. INTRODUCTION 
Recursive sequences are also called difference quations. For some recursive s quences, although 
their forms (or expressions) look very simple, it is extremely difficult to understand thoroughly 
the global behaviors of their solutions. For this, one can refer to [1]. Just as this, one is often 
motivated to investigated the qualitative behaviors of recursive difference quations. For example, 
see [1-12] and the references cited therein. 
In [3], Ladas put forward to investigate the global asymptotic stability of the following rational 
difference quation: 
X n --~ Xn_ lXn_  2 
: , n : 0,  I , . . . ,  (E l )  
Xn't-1 XnXn- -1  ~- Xn--2 
where the initial values x-2, X-l, x0 E (0, c~). 
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The authors of this paper obtained for a more general rational difference equation in [4], a 
result implying the global asymptotic stability of (El). 
Recently, Nesemann [5] utilized the strong negative feedback property of [6] to study the follow- 
ing difference quation: 
~n-- i -~ Xn Xn-- 2 
Xn+l XnXn--1 + X~--2' n = 0, 1 , . . . ,  (E2) 
where the initial values x-2, x - l ,  x0 C (0, co). 
To be motivated by the above studies, in this paper, we consider the following nonlinear 
recursive difference quation: 
b b +a 
XnXn_l ~y Xn_ 2 n = 0 ,1 ,2 , . . . ,  (1) 
Xn-kl ~ Xn_lb j cxnxb_2 ~_a, 
where a, b C [0, co) and the initial values x-2, X-l ,  x0 E (0, oc). 
Obviously, when a = 0 and b = 1, equation (1) has a reverse form of (E2). 
It is easy to see that the positive equilibrium • of equation (1) satisfies 
~2b + ~b + a 
from which one can see that equation (1) has a unique positive equilibrium • = 1. 
When b = 0, equation (1) is trivial. So, in the sequel, we will only consider b > 0. 
Equation (1) is interesting in its own right. To the best of our knowledge, however, equation (1) 
has not been investigated so far. Therefore, to study its qualitative properties is theoretically 
meaningful. 
In this note, by using "semicycle analysis method", which mainly comes from [4,10,11,12], we 
derive the global asymptotic stability of the positive equilibrium of equation (1), whereas it is 
extremely difficult to use the method in the known literature, such as [1,2,5,6], to obtain the 
global asymptotic stability of equation (1). 
The following is our main result, which includes and improves the corresponding results of [12]. 
THEOREM 1.1. Assume that a E [0, co) and that b > O. Then, the positive equilibrium of 
equation (1) is globally asymptotically stable. 
In the following, we state some main definitions used in this paper. 
DEFINITION 1.2. A positive semicyele of a solution {Xn}n°°=_ 2 of equation (i) consists of a "string" 
of terms { xl , x l+l , . . . ,  Xm } , all greater than or equal to the equilibrium ~ , with I >_ -2  and m < oo 
such that 
either I = -2  or I > -2  and xl-1 < ~2 
and 
either rn = oc or m < oo and xm+l < 2. 
A negative semieycle of a solution {xn}~°°___2 of equation (1) consists of a "string" of terms 
{xl ,x l+l , . . .  ,x,~}, all less than 2, with l > -2  and m _< co, such that 
either 1 = -2  or l > -2  and x~-i _> 
and 
either m = co or m < co and x,~+l >_ 2. 
X e~ DEFINITION 1.3. A solution { ~}n=-2 of equation (1) is said to be eventually positive (negative) 
i fx~ - ~ > 0 (< 0) eventually holds. 
For the other concepts in this paper, see [1,2]. 
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2. SEVERAL  LEMMAS 
We first give the following lemmas so as to state simply the proof of our main result. 
X oc LEMMA 2.1. A positive solution { n}n=--I of equation (1) is eventually equal to 1 if and only if 
(X 0 -- X)(X_ 1 -- :T_2) ---- 0. (2) 
PROOF. 
for n > 1. 
Conversely, assume that 
Assume that (2) holds. Then, according to equation (1), it is easy to see that Xn = 1 
Then, we show 
(xo - 1 ) (x -1  - x -2 )  # O. (3)  
Xn ~ 1, for any n k 1. 
Assume the contrary that for some N > 1, 
X N = 1 and that x ,  # 1 for - 1 < n < N - 1. (4) 
Clearly, 
XN-- lxb__2 -}- xb__3 -}- a 
1 : X N : xb_2  "~ XN_ IZb  3 "~- a '  
which implies XN-2 -= XN-3 and by (3), N > 2. Thus, from 
X X b ~ ~b N-3  N_4" r  :~N_5 -} - a 
XN--3 ~- XN-2  = XbN_4 -~- XN_3xb_5  + a '  
one can obtain (XN-3 -- 1)(XbN_5(XN-3 + 1) + a) = 0, which contradicts (4). 
REMARK 2.1. If the initial conditions do not satisfy equality (2), then, for any solution {x~} of 
equation (1), xn ~ 1 and xn-1 5~ xn-2, for n > 0. 
X c~ LEMMA 2.2. Let { n}n=-2  be a positive solution of equation (1) which is not eventually equal 
to 1. Then, the following conclusions are true: 
(al) (Xn+l - 1)(Xn -- 1)(Xn--1 -- Xn--2) > O, for n >_ O; 
(bl) (z,~+l - x , ) (xn  - 1) < 0, for n _> 0; 
(cl) (Xn+l--1)(Xn--1)(Xn--2--1) <0,  fo rn>2.  
PROOF. In light of equation (1), one can see 
and 
b _x~_2 ) - 1) 
Z,+l  - 1 = b , n = 0 ,1 ,2 , . . . ,  
Xn_  1 ~- xnxb_2  ~- a 
(1 - xn) (xb_2(1 + xn) + a) 
n = 0, 1, 2 , . . . ,  Xn+l - Xn = xbn_l + xnx~_ 2 + a ' 
from which Inequalities (al) and (bl) follow. Inequality (cl) is an immediate consequence of 
Inequalities (al) and (bl). The proof is complete. 
Now, we analyze the situation of the semicycles of nontrivial solutions of equation (1). That is, 
we consider the situation of the strictly oscillatory solution of equation (1) excluding the situation 
of the nonoscillatory solution of equation (1). 
From Lemma 2.2(cl), it is easily seen that, except perhaps for the first semicycle, a negative 
semicycle of a solution probably contains at most three terms. Considering positive semicycles, it
is clear again by Lemma 2.2(cl) that, except perhaps for the first semicycle, a positive semicycle 
contains at most three terms. Precisely, we have the following result. 
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LEMMA 2.3. Consider a solution of equation (1) which is not eventually less than or equal to 1. 
Then, with the possible exception of the first semicycle, the following affirmations hold. 
(dl) Every negative semicycle consists of one or two terms; every positive semicycle consists of 
one or three terms. 
(el) Every negative semicycle of length one is followed by a positive semicycle of length one; 
every negative semicycle of length two is followed by a positive semicycle of length three. 
(fl) Every positive semicycle of length one is followed by a negative semicycle of length two; 
every positive semicycle of length three is folIowed by a negative semicycle of length one. 
PROOF. By Lemma 2.2(cl), one can see that a negative semieycle of a solution, which is not even- 
tually less than or equal to 1, probably contains at most three terms. And still, by Lemma 2.2(cl), 
a positive semieycle has at most three terms. Obviously, for some p > 0, one of the following 
cases must  occur. 
CASE 1. Xp_ 2 < 1, Xp-1 > 1, and  Xp < 1. 
It follows from Lemma 2.2(cl) that Xp+l < 1, xp+2 > 1, Xp+s > 1, Xp+ 4 > 1, Xp+ 5 < 1, . . . .  It 
means that a positive semicycle of length 1 is followed by a negative semicycle of length 2, which 
in turn is followed by a positive semicycle of length 3. 
CASE 2. Xp_ 2 < 1, Xp_ 1 > 1, and Xp > 1. 
We have, again in view of Lemma 2.2(cl), that Xp+l > 1, Xp+ 2 < 1, Xp+ 3 > 1, Xp+ 4 < 1, 
xp+5 < 1, . . . .  And hence, a positive semicycle of length 3 is followed by a negative semicycle of 
length 1, which in turn is followed by a positive semicycle of length 1. The proof is complete. 
REMARK 2.2. It follows from Lemma 2.3 that the rule for the numbers of terms of positive and 
negative semicycles of nontrivia] solutions of equation (1) to successively occur i s . . . ,  1, 2, 3, 1, 1, 2, 
3, 1, 1, 2, 3, 1,2, 3, 1, . . . .  
3. PROOF OF THEOREM 
We now begin to show that the positive equilibrium point of equation (1) is globally asymp- 
totically stable. 
PROOF OF THEOREM 1. We must prove that the positive equilibrium point ~ of equation (1) is 
both locally asymptotically stable and globally attractive. The linearized equation of equation (1) 
about the positive equilibrium/~ = 1 is 
Yn+l =O'yn+O'yn- l+O'yn-2~ n =0,1 ,  . . . .  
By virtue of [1, Remark 1.3.7], 2 is locally asymptotically stable. It remains to verify that every 
X co  positive solution { ,~}~=-2 of equation (1) converges to 1 as n ~ oc. Namely, we want to prove 
lim x,~ -- ~ = 1. (5) 
n---+ oo  
If the solution is nonoscillatory about the positive equilibrium point ~ of equation (1), then we 
know from Lemma 2.2(cl) that the solution is actually an eventually negative one and according 
to Lemma 2.2(bl), one can easily show (5) to hold. Therefore, it suffices to prove that (5) holds 
for the solution to be strictly oscillatory. 
Consider now {x~) to be strictly oscillatory about the positive equilibrium point Y: of equa- 
tion (1). By virtue of Lemma 2.3, one understands that every positive semicycle of this solution 
has one or three terms and every negative semicycle, except perhaps for the first, has one or 
two terms. Every positive semicycle of length one is followed by a negative semicycle of length 
one, which is followed by a positive semicycle of length three, in turn followed by the negative 
semicycle length two. 
For the convenience of statement, without loss of generality, we use the following denotation. 
We denote by Xp the term of a positive semicycle of length one, followed by xp+l, Xp+2, which 
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is the term of a negative semicycle of length two. Afterwards, there is the positive semicy- 
cle: Xp+3, Xp+4, Xp-.}-5, in turn followed by the negative semicycle: Xp+s, and so on. There- 
fore, we can derive the following positive and negative semicycles: {Xp+~n}, {Xp+Tn+l, Xp+7n+2}, 
{x~+Tn+3, z~+7~+4, z~+~+5}, {z~+~n+8}, n = 0,1, . . . .  
The following results can be easily observed: 
(i) Xp+7n+l < Xp+7n+2 ; Xp+Tn+3 > Xp+7n+4 > Xp+Tn+5; 
(ii) Xp-l_7n.i_2Xp..l-Tn..}. 3 ~ 1, Xp-l-Tn..{-5Xp.l-7n.b6 > 1, Xp-t_7n.l_6Xp..i..7n.t- 7 ~ 1; 
(iii) Xp+7n+SXp+Tn+7 > 1. 
In faet, Inequality (i) is followed straightforward from Lemma 2.2(bl). From the observations 
of 
Xp+7n+3 
< 
XpTTn--I-6 
> 
X 
xb . ~b 
p-i-7n-}-2 p+7n-{-1 -1- Wp.l_7n -~ a 
b + b +a 
Xp-i-7n-I-1 Xp-k7n-}-2Xp+7n 
Xp+Tn+2Xbp+Tn+l  Xbp+7n + a 1 
Xp+Tn+lXp+Tn+2b 2 -{- Xp-i-TnT2xb+Tn -t- aXp+7n+2 Xp.-i-7n+2 
b b 
Xp+Tn+5ggp+7n+4 -~- Xp+Tn+3 -~ a 
Xb+Tn+4 "~- X b pTTn-l-5Xp_bTn.l_ 3 "4- a 
x b b +a p+ Tn-i-5Xp~_7,n_}_4 -[- ~p+TnZr3  
2 b b 
Xp+7n+5Xp.t-7n.-I- 4 ~ Xp+7n.l-3Xp-}-Tn+5 "~aXp..i_7n_[_ 5 Xp+7n+5 
and 
b b +a 
Xp+Tn..t-6XpT7n.]_5 -~- Xp..}.7n+4 
XP "}'7n'1-7 ~ b 
Xp_t_Tn_t_ 5 "4- Xp.4-Tn-l-6xb+7n..{_4 "t- a 
b b 
Xp+7n'l-6Xp--rTn+5 -~- ~p-.[-Tn-{-4 -}- a 
< b 2 b :T,p..l_7n_l_5Xp.l_7n.{_ 6 -~- .T.p..l_7n_l_42gp_}_Tn..t_ 6 "4- aXp,l_Tn.{_ 6 
1 
Xp+Tn+6 
one can see that (ii) is valid. 
Immediately, (iii) is also obtained from 
b X b Xp+7n"t'TXp-l-7n-t-6 ~- p.-}-7n-l-5 -t- a 1 
XP-l-7n+8 ~ b b ~> - - '  
Xp.t_7n...}_ 6 -~ Xp..l-Tn-i.TXp..}_7n+5 ~ a Xp.l-7n.+7 
n = 0 ,1 ,2 , . . . .  
Combining the above observations, we derive 
1 1 1 
Xp+Tn+l < Xp+Tn-l-2 < ~ < - -  "~ - -  
Xp-l-Tn+3 Xp-}-Tn-{-4 Xp-i-7n-}-5 
1 
< Xp-{-7n..r6 ~ - -  "~ Xp_l_7n..b8 , n = O, 1, 2, . . . .  
:T,p..t-7n-t-7 
(6) 
From (6), one can see that {xv+7,~+l},~_0 is increasing with upper bound 1. So, the limit 
l im~_~ xp+Tn+l = L exists and is finite. Accordingly, by view of (6), we obtain 
lim Xp+7,~+: = lim Xp-l-7n-}-6 "7- L 
n--+oo ~2---+oo 
and 
1 
~oolim Xp+7n+~ = ~---,~lim Xp.l_Tn.}_ 4 = n---*oolim xp+Tn+5 = ,~oolim Xp.l.7n-}- 7 ~ "-~. 
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It suffices to verify that L = 1. To this end, note 
x b -- b p~-7n~-5Xp~_7n_b4 -P Xp_~Tn_{_ 3 ~- a 
Xpd-Tnd-6 ~ b X b "~- a 
Xpd_7n.{_ 4 Jr p~-7nd-5Xp_~7n.t_3 
take the limits on both sides of the above equality, and obtain 
L = ( l / L )  x (1/L)  b d- (1/L)  b + a = 1. 
(1/L)  b + ( l / L )  × (1/L)  b + a 
Up to now, we have shown l im,_~ xp+7~+~ = 1, k = 1, 2 . . . ,  7. So, the proof for Theorem 1 
is complete. 
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